Abstract. Let B be the class of functions w(z) of the form w(z) = ∞ k=1 b k z k which are analytic and satisfy the condition |w(z)| < 1 in the open unit disk U = {z ∈ C : |z| < 1}. Then we call w(z) ∈ B the Schwarz function. In this paper, we discuss new coefficient estimates for Schwarz functions by applying the lemma due to Livingston (Proc. Amer. Math. Soc. 21(1969), 545-552).
Introduction
Let B be the class of functions w(z) of the form
which are analytic and satisfy the condition |w(z)| < 1 in the open unit disk U = {z ∈ C : |z| < 1}. Also, let P dnote the class of functions p(z) of the form p(z) = 1 + ∞ k=1 c k z k which are analytic and satisfy the condition Re(p(z)) > 0 in U. Then we call w(z) ∈ B and p(z) ∈ P the Schwarz function and the Carathéodory function, respectively.
Lemma 2.
If w(z) ∈ B, then
Furthermore, |b k | = 1 for some k (k = 1, 2, 3, . . .) if and only if w(z) = e iθ z k .
Applying the Schwarz-Pick lemma (see, for example, [6] ), we derive the next coefficient estimate.
Theorem 1.
with equality for
for each θ (0 ≦ θ < 2π).
In this paper, we discuss new coefficient estimates for Schwarz functions by using the following lemma due to Livingston [5] .
Lemma 3.
If p(z) ∈ P, then
for any positive integers s and t (1 ≦ t < s). For all s and t, the equality is attained by the function
Main results
Our first result is contained in the following theorem by use of Lemma 3.
Proof.
Taking s = 2k and t = k in Lemma 3, we see that
On the other hand, we know that |c 2k | ≦ 2, and therefore it follows that c 2k = 2e i2θ . Similarly, since
we have that c 3k = 2e i3θ . In the same manner, for all n (n = 1, 2, 3, . . .), we conclude that c nk = 2e
inθ .
By virtue of the above theorem, we obtain Corollary 1.
If p(z) ∈ P with c 1 = 2e iθ (0 ≦ θ < 2π), then we can declare that
Moreover, applying Lemma 3, we have a new coefficient bound for Schwarz functions.
Theorem 3.
Proof.
We first note that if a function w(z) ∈ B then
for all θ (0 ≦ θ < 2π). Then, we know that the function p(z) defined by
belongs to the class P. In view of Lemma 3, we obtain that
which gives us that
This completes the proof of the theorem.
The same process in the proof of Theorem 3 leads us another proof of Theorem 1.
Proof.
Applying Lemma 3 to the function (1) with s = 2 and t = 1, we deduce that
This implies that for all θ (0 ≦ θ < 2π)
But, using the same process in the proof of Theorem 3, we have no good result for coefficients b 4 , b 5 and so on. Because, for example, applying Lemma 3 to the function (1) with s = 4 and t = 1 to find the estimate of b 4 , we obtain the next inequality.
Calculating this inequality, we have
Also, if we apply Lemma 3 to the function (1) with s = 4 and t = 2, then we obtain another inequality as follows: 
We don't know the region to which both inequalities (2) and (3) point.
